Abstract. In this paper, we prove that each automorphism of a surface braid group is induced by a homeomorphism of the underlying surface, provided that this surface is a closed, connected, orientable surface of genus at least 2, and the number of strings is at least three. This result generalizes previous results for classical braid groups, mapping class groups, and Torelli groups.
Introduction
Let S be a compact orientable surface. The Teichmüller modular group Mod S of S, also known as the mapping class group of S, is the group of isotopy classes of orientation-preserving diffeomorphisms S → S. The pure modular group P Mod S is the subgroup of Mod R consisting of isotopy classes of orientation-preserving diffeomorphisms S → S which preserve each component of the boundary ∂S of S. The extended modular group Mod * (S) of S is the group of isotopy classes of all (including orientation-reversing) diffeomorphisms S → S.
Let n be a positive integer. Let R be the surface obtained from S by removing n distinct points from S. Note that there is a natural homomorphism µ : P Mod R → P Mod S corresponding to extending homeomorphisms F : R → R to homeomorphisms F : S → S. We denote the kernel of µ as Mod R (S) and its intersection with P Mod R as P Mod R (S).
Let S [n] denote the space of n-tuples (x 1 , ..., x n ) of distinct points of S. Note that the symmetric group Σ n acts on S
[n] by permuting coordinates. We recall that the n-string braid group B n (S) of S is the fundamental group of the quotient of S [n] by this action of Σ n ( [I3] ). Likewise, the pure n-string braid group P B n (S) of S is defined to be the fundamental group of S [n] .
Suppose S has negative euler characteristic. Then the groups Mod R (S) and P Mod R (S) are naturally isomorphic to B n (S) and P B n (S). The natural isomorphism from P B n (S) to P Mod R (S) arises from the connecting homomorphism in the homotopy long exact sequence of the fibration ev : Dif f (S) → S
[ n] defined by the rule ev(f ) = (f (x 1 ), ...., f (x n )), where (x 1 , ..., x n ) is the chosen base point for the fundamental group P B n (S) of S [n] . The proof that the connecting homomorphism is injective uses the contractibility of the identity component of Dif f (S) ( [EE] ).
Hence, when S has negative euler characteristic, we shall refer to Mod R (S) and P Mod R (S) as the n-string braid group on S and the pure n-string braid group on S. If S has nonnegative euler characteristic, then Mod R (S) and P Mod R (S) are still closely related to the n-string braid group and the pure n-string braid group on S. For instance, if S is a sphere and n ≥ 3, then Mod R (S) is naturally isomorphic to the quotient of the n-string braid group B n (S) by its center, ZB n (S), which is cyclic of order two [B] .
This paper concerns automorphisms of Mod R (S) and P Mod R (S). The two main results of this paper generalize previous results for automorphisms of classical braid groups, mapping class groups, and Torelli groups ( [DG] , [I1] , [M] , [F] , [MV] ). Theorem 1 . Let S be a closed connected orientable surface of positive genus. Let n be an integer greater than 2. Let R be a surface obtained from S by removing n distinct points from S. Let χ : P Mod R (S) → P Mod R (S) be an automorphism of the pure braid group P Mod R (S). Then there exists a homeomorphism K : R → R of R such that χ : P Mod R (S) → P Mod R (S) is equal to the automorphism K * : P Mod R (S) → P Mod R (S) which is defined by the rule
] for each mapping class [H] in P Mod R (S).
Theorem 2 . Let S be a closed connected orientable surface of genus greater than 1. Let n be an integer greater than 2. Let R be a surface obtained from S by removing n distinct points from S. Let χ : Mod R (S) → Mod R (S) be an automorphism of the braid group Mod R (S).
Then there exists a homeomorphism F : R → R of R such that χ : Mod R (S) → Mod R (S) is equal to the automorphism F * : Mod R (S) → Mod R (S) which is defined by the rule
The authors plan to consider the case of surfaces with boundary in a future paper.
Theorems 1 and 2 hold for almost all n for all closed connected orientable surfaces S regardless of the assumption on positivity of genus.
The situations not covered by the arguments used in this paper to prove Theorems 1 and 2 can be handled by rather straightforward arguments from known results.
Suppose, for instance, that either (i) the genus of S is equal to 0 and n < 2 or (ii) the genus of S is arbitary and n = 0 or (ii) the genus of S is equal to 1 and n = 1. Then, the braid group Mod R (S) and the pure braid group P Mod R (S) are both trivial. Hence, Theorems 1 and 2 hold, for rather trivial reasons, when either (i), (ii), or (iii) hold.
Suppose that the genus of S is equal to 0 and n = 2. Then Mod R (S) is a cyclic group of order 2 and P Mod R (S) is trivial. Hence, every automorphism of Mod R (S) and P Mod R (S) is trivial. Hence, again, Theorems 1 and 2 hold, for rather trivial reasons, in this situation.
Suppose that the genus of S is equal to 0 and n = 3. Then Mod R (S) is isomorphic to the symmetric group Σ 3 and P Mod R (S) is trivial. Hence, it is easy to see that Theorems 1 and 2 also hold in this situation.
Suppose that the genus of S is equal to 0. Then Mod S is trivial and hence, Mod R (S) = Mod R . It follows that Mod R (S) and P Mod R (S) are both subgroups of finite index in Mod R . Hence, by Theorem 3 of [K] , Theorems 1 and 2 hold for all integers n ≥ 5.
Suppose that the genus of S is at least 2 and n = 1. Then P Mod R (S) = Mod R (S) and Mod R (S) is naturally isomorphic to the fundamental group π 1 (S, x), where x is the unique puncture of R on S. It is a well-known result that automorphisms of fundamental groups of closed surfaces are induced by homeomorphisms (cf. [ZVC] , Theorem 3.3.11). Hence, Theorems 1 and 2 also hold, when the genus of S is at least 2 and n = 1.
Hence, the only possible exceptions to Theorem 1, for closed connected orientable surfaces S, are when either (i) the genus of S is equal to 0 and n = 4 or (ii) the genus of S is positive and n = 2. Likewise, the only possible exceptions to Theorem 2, for closed connected orientable surfaces S, are when either (i) the genus of S is equal to 0 and n = 4, (ii) the genus of S is positive and n = 2, or (iii) the genus of S is equal to 1 and n ≥ 3.
Theorem 2 follows by a fairly elementary argument from Theorem 1 using Ivanov's result that P Mod R (S) is a characteristic subgroup of Mod R (S) ([I3] ). This argument is given in Section 13.
The bulk of the paper is devoted to proving Theorem 1. As with the previous results mentioned above, the technique for proving this result is to characterize algebraically certain natural elements inside P Mod R (S). In the case of the foundational result for the mapping class group Mod S of [I1] , these elements were the Dehn twists in Mod S .
In the case of Farb's result for the Torelli group T or S of closed surfaces of genus greater than 3 ( [F] ) and the generalization of this result by McCarthy-Vautaw to closed surfaces of genus greater than 2 ( [MV] ), these elements were the Dehn twists about separating circles and bounding pair maps in T or S .
In the present paper, the elements in question are those which we refer to as 2-string twist braids and 1-string bounding pair braids. These elements constitute two of the three types of basic braids in P Mod R (S) algebraically characterized by the property that the center of their centralizers in P Mod R (S) have rank equal to one, k-string twist braids, k-string bounding pair braids, and basic single-pA braids. We characterize algebraically each of these three types of basic braids. In addition, we characterize algebraically the number of strings k in twist braids and bounding pair braids.
Of particular interest to us, are the 1-string bounding pair braids obtained by "dragging" a chosen puncture x of R on S about an embedded loop on S that avoids the remaining punctures of R on S. These particular bounding pair braids generate a normal subgroup of P Mod R (S) which we identify naturally with the fundamental group π 1 (R ∪ {x}, x) of R ∪ {x} based at x. We show that an arbitrary automorphism of P Mod R (S) maps π 1 (R ∪ {x}, x) isomorphically to π 1 (R ∪ {y} for some puncture y of R on S. By pulling back a given automorphism by an automorphism induced by a homeomorphism R → R, we are able to assume that y = x. In this way, we reduce the problem to studying automorphisms of P Mod R (S) which restrict to automorphisms of the surface group π 1 (R ∪ {x}, x).
It is a well-known fact that an automorphism of π 1 (R ∪ {x}, x) is induced by a homeomorphism (R ∪ {x}, x) → (R ∪ {x}, x) if and only if it preserves the peripheral structure of π 1 (R ∪ {x}, x). We show that this peripheral structure cooresponds to the 2-string twist braids on R which have one of their two strings based at x. From this we deduce that automorphisms of π 1 (R ∪ {x}, x) which are induced, via pull-back by homeomorphisms and restriction, from automorphisms of P Mod R (S) preserve the peripheral structure of π 1 (R ∪ {x}, x) and, hence, are induced by homeomorphisms (R ∪ {x}, x) → (R ∪ {x}, x).
This allows us to reduce the problem to studying automorphisms of P Mod R (S) which are the identity on the surface subgroup π 1 (R ∪ {x}, x). We show that any such automorphism of P Mod R (S) is the identity automorphism. This proves Theorem 2.
Here is an outline of the paper. In Section 2, we review the basic notions and results related to mapping class groups and surface braid groups. We assume that the reader is familiar with the fundamentals of Thurston's theory of surfaces (cf. [FLP] )
In Section 3, we prove that elements of P Mod R (S) are pure in the sense defined by Ivanov [I2] . In Section 4, we use the results of Section 3 to develop an explicit formula for the rank of the center of the centralizer of an element of P Mod R (S) in terms of its Thurston normal forms.
In Section 5, we use the rank formula of Section 4 to determine which braids are basic braids, pure braids which have rank one centers of centralizers. In Section 6, we give an algebraic characterization of bounding pair braids, thereby distinguishing them algebraically from the other two types of basic braids, twist braids and basic single-pA braids. In Section 7, we algebraically distinguish twist braids from basic single-pA braids. In Section 8, we algebraically characterize the number of strings in a twist braid. In Section 9, we algebraically characterize the number of strings in a bounding pair braid.
In Section 10, we algebraically characterize the situation when two 1-string bounding pair braids are based at the same puncture of R on S.
In Section 11, we use the results of Section 10 to prove that automorphisms of P Mod R (S) preserve the surface subgroups π 1 (R ∪ {x}, x). In Section 12, we prove that the resulting induced automorphisms of the surface subgroups π 1 (R ∪ {x}, x) preserve the peripheral structure and are, hence, geometric (i.e induced by a homeomorphism R → R).
In Section 13, we assemble the results of the previous sections to prove the main results of this paper, Theorems 1 and 2.
Preliminaries
Let C(R) denote the complex of curves of R. Let α be a vertex of C(R). We say that α is S-essential if each representative circle C of α is essential on S, as well as on R. Otherwise, we say that α is S-inessential. Note that α is S-inessential if and only if each representative circle C of α bounds a disc D with k punctures where 2 ≤ k ≤ n. Note, furthermore, that the integer k does not depend upon the representative circle C of α.
Let f be a twist about an essential circle C on R. Note that f is a nontrivial element of P Mod R . Moreover, f is an element of the pure braid group, P Mod R (S), if and only if C is not essential on S. If C bounds a k-punctured disc D on S (i.e. an embedded disc D on S with its boundary contained in R and with exactly k punctures of R in its interior) and p i , 1 ≤ i ≤ k, are the k punctures of R in the disc D, then we say that f is a k-string twist braid supported on the k-punctured disc D with strings based at
Suppose that C and D are disjoint, non-isotopic, essential circles on R which are also essential on S. Let f be the product t C •t −1 D of opposite twists about C and D. Note that f is a nontrivial element of P Mod R . Moreover, f is an element of the pure braid group, P Mod R (S), if and only if C and D are isotopic on S. If C and D co-bound a k-punctured annulus A on S (i.e. an embedded annulus A on S with its boundary contained in R and with exactly k punctures of R in its interior) and p i , 1 ≤ i ≤ k, are the k punctures of R in the annulus A, , then we say that f is a k-string bounding pair braid supported on the k-punctured annulus A with strings based at
Suppose that k = 1. Let x be the unique puncture of R which is contained in the annulus A. Equip A and its boundary C ∪ D with the orientation induced from the orientation of the surface S. Up to isotopy, there exists a unique loop c in the interior of A based at x such that c is isotopic to the oriented circle C on S. Note that, if n = 1, the 1-string bounding pair braid t C • t −1 D supported on the annulus A is the spin of x about c in the sense of [B] . We shall say that t C • t −1 D is the 1-string bounding pair braid on R corresponding to the embedded loop c in R ∪ {x} based at x.
Pure braids are pure
In this section, we prove that pure surface braids are pure in the sense defined by Ivanov, [I2] .
Theorem 3.1. Let f be an element of the pure braid group P Mod R (S). Let C be a system of circles on R representing the essential reduction system C of f . Let C ′ be the union of all components of C which are essential on S. There exists a homeomorphism F : R → R such that:
iii) the restriction of F to each component of the complement of C on R is either pseudo-Anosov or isotopic to the identity. and if F : S → S is the extension of F to S, then:
(iv) there exists an isotopy on S, preserving each component of C ′ , from the identity map of S to F .
ranks of centers of centralizers of pure braids
Let f be an element of the pure braid group P Mod R (S). Let σ ⊂ C(R) be the essential reduction system of f . Let σ * be the set of S-essential elements of σ (i.e. σ * = σ ∩ C * (R)). For each element α of σ * , let [α] be the set of all elements of σ * which are S-equivalent to α. Then there exist a nonnegative integer k and a subset α i |1 ≤ j ≤ k of σ * such that σ * is the disjoint union of [α j ], 1 ≤ j ≤ k. Note that σ * is empty if and only if k = 0. Let p be the number of pA components of the reduction of f along σ. Let i be the number of S-inessential elements of σ. For each integer j such that 1 ≤ j ≤ k, let e j denote the number of elements of [α j ].
Proposition 4.1. The rank µ of the center of the centralizer of f is equal to p + i + Σ 1≤j≤k (e j − 1).
Proof. This result is an application of Theorem 3.1.
basic braids
Let f be an element of the pure braid group P Mod R (S). We say that f is a basic braid if the rank µ of the center of the centralizer of f in P Mod R (S) is equal to 1. In this section, we shall give a detailed description of basic braids.
Let f be an element of the mapping class group Mod R of R. We say that f is a single-pA mapping class if (i) the reduction of f along its essential reduction system σ has exactly one pA component C and (ii) the essential reduction system σ of f corresponds to the boundary of this component C (i.e. σ is equal to the set of isotopy classes of boundary components of C which are essential on R).
Proposition 5.1. Let f be an element of the braid group P Mod R (S) such that the center of the centralizer of f in P Mod R (S) is infinite cyclic. Then one of the following holds:
(i) f is a single-pA mapping class supported on a subsurface T of R such that each boundary component of T is essential on S and no two boundary components of T are isotopic on S.
(ii) f is a k-string bounding pair braid for some integer k with 1 ≤ k ≤ n.
(iii) f is a k-string twist braid for some integer k with 2 ≤ k ≤ n.
Hence, the basic braids are precisely the braids described in (i), (ii) and (iii) of Proposition 5.1. We shall refer to the braids described in (i) as basic single-pA braids. We shall refer to the braids described in (i) as basic S-bounding pair braids. Note that the braids described in (ii) are, according to the terminology of [B] , spins. We shall refer to the braids described in (iii) as basic twist braids.
Remark 5.2. If f is a power of the product of opposite twists on two disjoint, non-isotopic circles in R which co-bound a once-punctured annulus in R, and one of these circles is inessential in S, then both of these circles will be inessential in S, and the center of the centralizer of f in P Mod R (S) will be the free abelian subgroup of rank 2 in P Mod R (S) freely generated by the twists about these two circles.
bounding pair braids
In this section, we shall distinguish basic bounding pair braids algebraically from basic single-pA braids and basic twist braids when R has at least 2 punctures.
Proposition 6.1. Let n ≥ 2. Let f be an element of the pure braid group P Mod R (S) such that the center of the centralizer of f in P Mod R (S) is infinite cyclic. Then the following are equivalent: (a) f is a bounding pair braid (b) There exists a basic braid g in P Mod R (S) such that f and g generate a free abelian group of rank 2 in P Mod R (S) and f g is a basic braid. 
twist braids
In this section, we shall distinguish twist braids algebraically from basic single-pA braids when R has at least 2 punctures.
This will require the following algebraic concept. Let A and B be elements of a group G. Let H be the subgroup of G generated by A and B. We say that A adheres to B in G if A commutes with D, whenever D is an element of the centralizer of some nontrivial element C of H.
Using this algebraic concept of adherence, we can distinguish twist braids algebraically from basic single-pA braids as follows: 
counting strings in twist braids
In the previous sections, we algebraically distinguished the three types of basic braids occurring in Proposition 5.1, basic single-pA braids, bounding pair braids, and twist braids. In this section, we shall show how to algebraically detect the number of strings in a twist braid.
First, we show how to algebraically detect 2-string twist braids.
Proposition 8.1. Let f be an element of the pure braid group P Mod R (S).
Suppose that f is a k-string twist braid for some integer k with 2 ≤ k ≤ n. Then the following are equivalent:
There exist basic bounding pair braids g j , 1 ≤ j ≤ n − 2 such that f and g j , 1 ≤ j ≤ n − 2 generate a free abelian group of rank n − 1 in P Mod R (S). Now, we may algebraically detect k-string twist braids inductively as follows.
Proposition 8.2. Let f be an element of the pure braid group P Mod R (S). Suppose that k is an integer such that 3 ≤ k ≤ n. Suppose that f is a twist braid. Then the following are equivalent: (a) f is a k-string twist braid. (b) f is not an l-string twist braid for any integer l less than k and there exists bounding pair braids, g j , 1 ≤ j ≤ n − k such that f and g j , 1 ≤ j ≤ n − k generate a free abelian group of rank n + 1 − k in P Mod R (S).
counting strings in bounding pair braids
In the previous section, we showed how to algebraically detect the number of strings in a twist braid. In this section, we shall use this to algebraically detect the number of strings in a bounding pair braid.
Throughout this section, we shall use the following notation. Let f be a k-string bounding pair braid. Let C and D be a pair of circles on R associated to f . By definition, f is the product of opposite twists about C and D and C and D bound an annulus A on S such that A contains exactly k punctures of R.
Note that the complement of A in S has one or two components, depending upon whether C and D are both nonseparating or both separating circles on S. By the definition of a bounding pair braid, neither C nor D bounds a disc. Hence, each component of the complement of A in S has positive genus.
We say that a component K of the complement of C ∪ D in S is adequately punctured if it contains at least two punctures of R. We begin with showing how to algebraically detect adequately punctured components of the complement of C ∪ D in S. To do this, we consider the collection ∆(f ) of twist braids α such that α commutes with f . Note that this collection corresponds to the collection of isotopy classes of essential circles A on R which are disjoint from both C and D and bound discs on S which contain at least two punctures of R. It follows that the relation ∼ on ∆(f ) defined by part (a) of Proposition 9.2 is an equivalence relation on ∆(f ). Next, we show how to algebraically detect the number of punctures in an adequately punctured component K of the complement of C ∪ D in S.
Proposition 9.6. Let K be an adequately punctured component of the complement of C ∪ D in S. The number of punctures of R contained in K is equal to the maximum number of strings of a twist braid in
Next, we show how to algebraically detect an adequately punctured component of positive genus. Note that the above results, taken together, algebraically characterize the number of strings in a bounding pair braid.
detecting punctures
In this section, we show how to algebraically detect punctures. Let x be a puncture of R. Let N (x) denote the collection of all 1-string bounding pair braids f corresponding to embedded loops c in R ∪ {x} based at x. and (iii) for each integer i with 1 ≤ i < N there exists an (n − 1)-string twist braid t i such that f i and f i+1 both commute with t i .
preservation of surface subgroups
In this section, we shall show that any automorphism of the pure braid group P Mod R (S) induces an isomorphism between certain natural normal subgroups of P Mod R (S) which are naturally isomorphic to fundamental groups of surfaces.
Let x be a puncture of R on S. Note that there is a natural homomorphism µ : P Mod R → P Mod R∪{x} corresponding to extending homeomorphisms F : R → R which "fix" each puncture of R on S to homeomorphisms F : R ∪ {x} → R ∪ {x}. Following the notation P Mod R (S) introduced above, we shall denote the kernel of µ as P Mod R (R ∪ {x}). Note that P Mod R (R ∪ {x}) is a subgroup of P Mod R (S). Since P Mod R (R ∪ {x}) is a normal subgroup of P Mod R , it is also a normal subgroup of the subgroup P Mod R (S) of P Mod R in which it is contained.
Recall that there is a natural homomorphism η : π 1 (R ∪ {x}, x) → P Mod R (S) which sends the element [c] of π 1 (R ∪ {x} corresponding to any embedded loop c in R∪{x} based at x to the corresponding 1-string bounding pair braid t C • t −1 D on R, where C ∪ D is the boundary of a closed annular neighborhood A of c on S such that C ∪ D is contained in R and x is the unique puncture of R in the interior of A. This homomorphism arises from the long exact homotopy sequence of the evaluation map ev x : Dif f (R ∪ {x}) → R ∪ {x} defined by the rule ev x (F ) = F (x). η is injective provided R ∪ {x} has positive genus (cf. Theorems 1.4, 4.2, and 4.3 of [B] ).
Proposition 11.1. Let x be a puncture of R. The natural monomorphism η :
Using the natural monomorphism η : π 1 (R ∪ {x}, x) → P Mod R (S), we shall identify π 1 (R ∪ {x}, x) with its image under η. This identification identifies the natural action of homeomorphisms G : (R∪{x}, x) → (R ∪ {x}, x) of the pointed space (R ∪ {x}, x) on π 1 (R ∪ {x}, x) with the natural action of their restrictions G : R → R on P Mod R (R∪{x}).
The following proposition demonstrates the significance of the surface subgroups π 1 (R ∪ {x}, x) for our purposes.
Proposition 11.3. Let x be a puncture of R on S. Let φ : P Mod R (S) → P Mod R (S) be an automorphism of P Mod R (S). If φ fixes each element of the subgroup π 1 (R ∪ {x}, x) of P Mod R (S), then φ is the identity automorphism of P Mod R (S).
Proof. Let f be an element of P Mod R (S). Let h = f −1 φ(f ). Note that h is an element of P Mod R (S). Hence, h is equal to the mapping class [H] of some orientation preserving homeomorphism H : R → R of R. We shall show that H is isotopic to the identity.
Let C be an essential circle on R. Choose a closed annulus A on S such that the boundary of A is contained in R, C is one of the two boundary components of A, and x is the unique puncture of R on S contained in the interior of A. Let c be an embedded loop in the interior of A based at x such that c is isotopic to C. By the previous observations, the element [c] of π 1 (R ∪ {x}, x) represented by c corresponds to the 1-string bounding pair braid
Since g is an element of π 1 (R∪{x}, x), φ(g) = g. Let f be an element of P Mod R (S). Since π 1 (R ∪ {x}, x) is a normal subgroup of P Mod R (S) and g is an element of π 1 (R ∪{x}, x), it follows that f gf −1 is also an element of π 1 (R ∪ {x}, x). Hence, φ(f gf −1 ) = f gf −1 . On the other hand, since φ is a homomorphism on P Mod R (S),
H (D) . Since hgh −1 = g, this implies that
D . It follows, by standard arguments, that H(C) is isotopic to C, and H(D) is isotopic to D.
This proves that H preserves the isotopy class of every essential circle C on S. It follows by Lemma 5.1 and Theorem 5.3 of [IM] , that H is isotopic to the identity. In other words, the mapping class h of H is the trivial element id of P Mod R (S). Thus, f −1 φ(f ) = id and, hence,
We have shown that φ(f ) = f for each element f of P Mod R (S). Hence, φ is the identity automorphism of P Mod R (S).
Motivated by Proposition 11.3, we now turn to an investigation of the restriction of an arbitrary automorphism of P Mod R (S) to a surface subgroup π 1 (R ∪ {x}, x) of P Mod R (S).
Proposition 11.4. Let χ : P Mod R (S) → P Mod R (S) be an automorphism of the pure braid group P Mod R (S). Let x be a puncture of R on S. There exists a unique puncture y of R on S such that χ maps π 1 (R ∪ {x}, x) to π 1 (R ∪ {y}, y).
Proposition 11.5. Let χ : P Mod R (S) → P Mod R (S) be an automorphism of the pure braid group P Mod R (S). Let x be a puncture of R on S. Let y be the unique puncture of R on S such that χ maps π 1 (R ∪ {x}, x) to π 1 (R ∪ {y}, y). Then the restriction χ| :
Proof. Let τ : P Mod R (S) → P Mod R (S) be the inverse of χ : P Mod R (S) → P Mod R (S). Let z be the unique puncture of R on S such that τ maps π 1 (R ∪ {y}, y) to π 1 (R ∪ {z}, z). Note that the composition τ • χ maps π 1 (R ∪ {x}, x) into π 1 (R ∪ {z}, z). On the other hand, this composition is the identity map of P Mod R (S). Hence, π 1 (R ∪ {x}, x) is a subgroup of π 1 (R ∪ {z}, z) (i.e. the image of π 1 (R ∪ {x}, x) under the natural monomorphism η x : π 1 (R ∪ {x}, x) → P Mod R (S) is a subgroup of the image of π 1 (R ∪ {z}, z) under the natural monomorphism η z : π 1 (R ∪ {z}, z) → P Mod R (S).
In particular, every 1-string bounding pair braid f with strings based at x is an element of π 1 (R∪{z}, z). Since π 1 (R∪{z}, z) ⊂ P Mod R (S) is the kernel of the natural homomorphism ext z : P Mod R (S) → P Mod R∪{z} (S), this implies that ext z (f ) is the trivial element of P Mod R∪{z} (S).
Suppose that z is not equal to x. Then, clearly, ext z (f ) is a 1-string bounding pair braid on R ∪ {z} with string based at x on R ∪ {z}. Hence, ext z (f ) is not the trivial element of P Mod R∪{z} (S). This is a contradiction. Hence, z = x.
Since z = x, τ maps π 1 (R ∪{y}, y) to π 1 (R ∪{x}, x). Clearly, since χ and τ are inverse homomorphisms, the restrictions χ| : π 1 (R∪{x}, x) → π 1 (R ∪ {y}, y) and τ | : π 1 (R ∪ {y}, y) → π 1 (R ∪ {x}, x) are inverse homomorphisms. In particular, χ| : π 1 (R ∪ {x}, x) → π 1 (R ∪ {y}, y) is an isomorphism.
Proposition 11.6. Let χ : P Mod R (S) → P Mod R (S) be an automorphism of the pure braid group P Mod R (S). Let x be a puncture of R on S. Let y be the unique puncture of R on S such that χ maps π 1 (R ∪ {x}, x) to π 1 (R ∪ {y}, y). Let F : R → R be the restriction of a homeomorphism F : (R ∪ {y}, y) → (R ∪ {x}, x) of pointed spaces. Let F * : P Mod R (S) → P Mod R (S) be the automorphism of P Mod R (S) defined by the rule
Then θ is an automorphism of P Mod R (S) and θ restricts to an automorphism θ| :
Proof. Clearly, F * : P Mod R (S) → P Mod R (S) restricts to an isomorphism, F * | : π 1 (R ∪ {x}, x) → π 1 (R ∪ {y}, y). Since χ : P Mod R (S) → P Mod R (S) also restricts to an isomorphism, χ| : π 1 (R ∪ {x}, x) → π 1 (R∪{y}, y), the composition θ : P Mod R (S) → P Mod R (S) of F * and χ restricts to an automorphism, θ| :
preservation of peripheral structures
In this section, we shall prove that the restrictions of automorphisms of the pure braid group, P Mod R (S), to surface subgroups, as in Proposition 11.5, respect the peripheral structure of these subgroups.
Let χ be an automorphism of P Mod R (S). As in Proposition 11.6, we may choose a homeomorphism F : R → R of R such that the composition θ of F * and χ restricts to an automorphism θ| of π 1 (R∪{x}, x). Speaking more precisely about what we shall do in this section, we shall prove that the restriction θ| : π 1 (R ∪ {x}, x) → π 1 (R ∪ {x}, x) respects the peripheral structure of π 1 (R ∪ {x}, x). This is the precise condition for ensuring that this restriction of θ is induced by a homeomorphism of R sending x to x. As we shall see later, this is enough to ensure that θ is induced by a homeomorphism of R. From this, it will easily follow that χ is induced by a homeomorphism of R.
Due to the naturality of the monomorphism η : π 1 (R ∪ {x}, x) → P Mod R (S), the desired result concerning the restriction θ| can be achieved by appealing to a classical result about automorphisms of fundamental groups of punctured surfaces. Namely, an automorphism φ of π 1 (R ∪ {x}, x) is induced by ahomeomorphism G : (R ∪ {x}, x) → (R ∪ {x}, x) if and only if φ preserves the peripheral structure of π ( R ∪ {x}, x). Our task, therefore, will be to show that the restriction θ| preserves the peripheral structure of π 1 (R ∪ {x}, x). Hence, we need to understand the peripheral structure of π 1 (R ∪ {x}, x) and its relationship to the natural identification of π 1 (R ∪ {x}, x) with a subgroup of P Mod R (S) via the natural monomorphism η.
Let x i , 1 ≤ i ≤ n, be the n punctures of R. Choose n disjoint embedded discs, D i , 1 ≤ i ≤ n, on S such that x i lies in the interior U i of D i in S. Let T i denote the compact subsurface of S obtained by deleting the interiors U j of each of the discs D j with 1 ≤ j ≤ n and j = i. Note that x i ∈ T i ⊂ R ∪ {x i } and (T i , x i ) is a deformation retract of (R∪{x i }, x i ). In particular, the inclusion ı :
Recall that, by definition, the peripheral structure of π(T i , x i ) is the set P i of 2(n − 1) conjugacy classes in π 1 (T i , x i ) corresponding to the oriented boundary components of T i . We shall refer to the corresponding subset ı * (P i ) of π 1 (R ∪ {x i }, x i ) as the peripheral structure of π 1 (R ∪ {x i }, x i ) and denote this subset as P i .
Proposition 12.1. The image of the peripheral structure
is equal to the set of all 2-string twist braids f such that there exists an integer j with 1 ≤ j ≤ n and j = i such that f has strings based at x i and x j .
Proof. Let c i be an embedded loop in R ∪ {x i } based at x i such that c bounds an embedded disc E in S with exactly one puncture x j of R in its interior. Let A be a closed annular neighborhood of c in S such that the boundary of A is contained in R and x i is the unique puncture of R contained in the interior of A. Note that the boundary of A consists of two components, C and D, where D bounds an embedded disc F contained in the interior of E, such that x j is the unique puncture of R in the interior of F , and C bounds an embedded disc G such that x i and x j are the unique punctures of R contained in the interior of G. Note that G = A ∪ F and A ∩ F = D. For simplicity, we may assume that the embedded loop c is oriented so that c is isotopic to the oriented circle C, where C is given the boundary orientation induced from the annulus A on the oriented surface S. By the previous description of η, η ([c] ) is equal to the spin, t C • t −1 D of x i about c. Since D bounds a once punctured disc F on S, t D is the trivial element of P Mod R (S). Hence, η([c]) = t C . Since C bounds the twice-punctured disc G on S and x i and x j are the unique punctures of R in G, it follows that η([c]) is the 2-string twist braid t C with strings based at x i and x j .
Suppose that x = x i . We shall denote P i as P(x).
Proposition 12.2. The restriction θ| : π 1 (R∪{x}, x) → π 1 (R∪{x}, x) maps the peripheral subgroup P(x) of π 1 (R ∪ {x}, x) to P(x).
Proof. Let f be an element of P(x). By Proposition 12.1, f is a 2-string twist braid with strings based at x and u, for some puncture u of R on S with u = x. By Propositions 5.1, 6.1, 7.1, and 8.1, the image of f under θ is a 2-string twist braid. On the other hand, θ(f ) 13. the main results Theorem 13.1. Let S be a closed connected orientable surface of positive genus. Let n be an integer greater than 2. Let R be a surface obtained from S by removing n distinct points from S. Let χ : P Mod R (S) → P Mod R (S) be an automorphism of the pure braid group P Mod R (S). Then there exists a homeomorphism K : R → R of R such that χ : P Mod R (S) → P Mod R (S) is equal to the automorphism K * : P Mod R (S) → P Mod R (S) which is defined by the rule
Proof. Let x be a puncture of R on S. As in Proposition 11.6, we may choose a homeomorphism F : R → R of R such that the composition θ of F * and χ restricts to an automorphism θ| of π 1 (R ∪ {x}, x). By Propositions 12.4 and 12.5, we may choose a homeomorphism G : R → R of R such that the composition φ of (G * ) −1 and θ fixes each element of π 1 (R∪{x}, x). It follows, by Proposition 11.3, that φ : P Mod R (S) → P Mod R (S) is equal to the identity automorphism id : P Mod R (S) → P Mod R (S) of P Mod R (S). Hence,
R → R is a homeomorphism of R and χ = K * . This completes the proof of Theorem 13.1.
Our main result for the braid group Mod R (S) will follow from Theorem 13.1 by using Theorem 2 of [I3] and the following proposition.
Then τ is the identity automorphism of Mod R (S).
Proof. Suppose that x and y are distinct punctures of R on S. Let D be an embedded disc on S such that the boundary of D is contained in R and x and y are the unique punctures of R on S which are contained in the interior of D. Choose a homeomorphism F : R → R which is supported on D and interchanges x and y in such a way that f 2 is equal to t C , where C is the boundary of D and f is the mapping class of F . Since F is supported on D, f is an element of P Mod R (S). Following common terminology, we shall call f an elementary braid. Recall that Mod R (S) is generated by P Mod R (S) and elementary braids. Hence, it remains only to show that τ fixes each elementary braid, f . Let C i , 1 < i ≤ n be a sequence of disjoint circles in R such that C 2 = C and C i bounds an embedded disc D i on S such that the interior of D i in S contains exactly i punctures of R on S. Note that D 2 = D. Let t i = t C i . Then t i is an i-string twist braid on R supported on D i and, hence, an element of P Mod R (S).
Note that f 2 = t C = t C 2 = t 2 . Hence, f commutes with t 2 . Suppose that 2 < i ≤ n. Note that D i−1 is contained in the interior of D i . Hence, C i is contained in the complement of the support D of F . It follows that f commutes with t i .
Let 2 ≤ i ≤ n. Then t i is an element of P Mod R (S) and f commutes with t i . Hence, τ (t i ) = t i and τ (f ) commutes with τ (t i ). This implies that τ (f ) commutes with t i . It follows that τ (f ) is the mapping class [P ] of a homeomorphism P : R → R such that P (C i ) = C i for all i with 2 ≤ i ≤ n. Note that f is the mapping class F of a homeomorphism F : R → R such that F (C i ) = C i for all i with 2 ≤ i ≤ n.
Let p i , 1 ≤ i ≤ n, denote the punctures of R on S. We may assume that p 1 = x, p 2 = y, and p i is contained in the interior of D i for 2 ≤ i ≤ n. We may extend P to a homeomorphism P : S → S of S. Note that P (p i ) = p i for all i with 2 < i ≤ n. Hence, either P (x) = x or P (x) = y. Suppose that P (x) = x. Then P (y) = y. This implies that τ (f ), the mapping class of P , is an element of P Mod R (S). Since τ fixes each element of P Mod R (S), this implies that f is an element of P Mod R (S). On the other hand, since f is an elementary braid "switching" x and y, f is not an element of P Mod R (S). This is a contradiction. Hence, P (x) = y. This implies that P (y) = x. This proves that the actions of f and τ (f ) on the set of punctures of R on S are equal.
Let g = f −1 τ (f ). Note that g is the mapping class of the homeomorphism G : R → R, where G = F −1 • P . Note that G(C i ) = C i for all i with 2 ≤ i ≤ n. Moreover, G extends to a homeomorphism G : S → S such that G(p i ) = p i for all i with 2 ≤ i ≤ n. Hence, g is an element of P Mod R (S) fixing the isotopy classes [C i ], 1 ≤ i ≤ n. It follows that g is the composition of a multitwist t on the circles C i , 1 ≤ i ≤ n with a mapping class h supported on the complement K of the interior of D n . Note that each of the mapping classes t and h are supported on the complement of the interior of D. Hence, g commutes with f . Since g = f −1 τ (f ), it follows that f commutes with τ (f ). We conclude that g 2 = f −1 τ (f )f −1 τ (f ) = f −2 (τ (f )) 2 = t −1 2 (τ (f )) 2 . Since f 2 = t 2 (τ (f )) 2 = τ (f 2 ) = τ (t 2 ) = t 2 . Hence, g 2 = id. Since g is a pure braid, it follows by Theorem 3.1, that g = id. That is to say, τ (f ) = f . Proof. By Theorem 2 of [I3] , P Mod R (S) is a characteristic subgroup of Mod R (S). Hence, χ : Mod R (S) → Mod R (S) restricts to an automorphism χ| : P Mod R (S) → P Mod R (S). By Theorem 13.1, there exists a homeomorphism K : R → R of R such that χ| : P Mod R (S) → P Mod R (S) is equal to K * : P Mod R (S) → P Mod R (S). We shall show that χ : Mod R (S) → Mod R (S) is equal to K * : Mod R (S) → Mod R (S). Let τ : Mod R (S) → Mod R (S) be the composition K 1 * •χ : Mod R (S) → Mod R (S). Since χ| : P Mod R (S) → P Mod R (S) is equal to K * : P Mod R (S) → P Mod R (S), τ fixes each element of P Mod R (S). Hence, by Proposition 13.2, τ is the identity automorphism of Mod R (S). That is to say, τ : Mod R (S) → Mod R (S) is equal to K * : Mod R (S) → Mod R (S).
